For an abelian extension L/K of number fields, the Equivariant Tamagawa Number Conjecture at s = 0, which is equivalent to the Lifted Root Number Conjecture, implies Rubin's Conjecture by work of Burns. We show that, for relative biquadratic extensions L/K satisfying a certain condition on the splitting of places, Rubin's Conjecture in turn implies the ETNC/LRNC. We conclude with some examples.
Introduction
The Equivariant Tamagawa Number Conjecture (ETNC), formulated by BurnsFlach in [6] , is a deep conjecture concerning leading coefficients of Taylor series of L-functions associated to motives defined over number fields. We will be interested in the case where the motive in question is the Tate motive h 0 (Spec(L))(0) with the natural action by Z[Gal(L/K)], where L/K is a Galois extension of number fields. In this setting, the ETNC is equivalent [2, Thm. 2.3.3] to the Lifted Root Number Conjecture (LRNC) of Gruenberg-Ritter-Weiss formulated in [14] , and it is this version of the conjecture that we choose to work with in the present article. In order not to favour either name (ETNC/LRNC) in our discussions, we refer to both conjectures as Z(L/K).
To put Z(L/K) in context, it can be viewed as an integral refinement of Stark's Conjecture-see [29, Ch. I, Conj. 5.1] and [25] for example. Thus, in some sense, Z(L/K) might be considered an analytic class number formula over Z [G] . However, there is another (and earlier) integral refinement of Stark's Conjecture, namely Rubin's Conjecture [22, Conj. B] . Burns showed in [3, Cor. 9 .2] that Z(L/K) implies Rubin's Conjecture. Our aim in this article is to show that, for certain (relative) biquadratic extensions, the reverse implication holds. This will need to be made more precise, since Z(L/K) depends only on the extension while Rubin's Conjecture takes extra data as input. The exact statement can be found in Theorem 8. 3 .
We briefly remark on the type of biquadratic extension L/K to which our results apply: we assume that all infinite places split completely, only one place ramifies, and the ramified place has full decomposition group. This condition will be rephrased in Lemma 8.1. Biquadratic extensions of this type exist. We conclude with some examples, two of which are concrete ones in which Z(L/K) is
L-functions and basic notation
Let L/K be a Galois extension of number fields and S a finite set of places of K containing the infinite ones. We assume knowledge of the definition of the S-truncated Artin L-function L L/K,S (s, χ) associated to a character χ of the Galois group G of L/K. For example, see [29, Ch. 0, Section 4] and [29, Ch. I, Section 3] .
We
will also need the (S, T )-modified L-function L L/K,S,T (s, χ)
, where T is a finite set of places of K that is disjoint from S. To define it, we assume for simplicity that L/K is abelian and that S contains the ramified places (this will be assumed throughout the paper) so that T necessarily consists of unramified places. Then for χ ∈ G = Hom Z (G, C × ),
where Fr p denotes the arithmetic Frobenius at p. In the case where χ is the trivial character 1, we will set ζ K,S (s) = L L/K,S (s, 1) and ζ K,S,T (s) = L L/K,S,T (s, 1). For any complex function f (s) that is analytic at the point s 0 ∈ C, f * (s 0 ) will denote the leading coefficient of the Taylor series of f (s) at s = s 0 , and f (r) (s 0 ) will denote the rth derivative at s = s 0 for each r ≥ 0.
Notation
Let S be a finite set of places of K containing the infinite ones and T a finite set of places of K disjoint from S. We will use the following notation:
The set of places of L above those in S and T respectively Cl S (L) : The S L -class-group of L (or simply S-class-group) Cl S,T (L) : The (S, T )-class-group of L, i.e., the quotient of the group of fractional ideals of O L,S prime to T L by the subgroup of principal ideals aO L,S with a ≡ 1 mod P for all places
Rubin's Conjecture
We now turn to the formulation of Rubin's Conjecture. Background and results on this conjecture can be found in the articles of Greither [13] , Popescu [20, 21] , and Vallières [30] .
Before stating the conjecture, we need to introduce some notation. As explained in [22 
-module (where G is an arbitrary finite abelian group for the time being), then for each r ≥ 0 there is a well-defined homomorphism
By abuse of notation, we will denote the image of ϕ 1 ∧ · · · ∧ ϕ r under this map by the same symbol, so that given m 1 , . . . , m r ∈ M we write simply
We will also extend the map ( 
Now suppose G is the Galois group of an abelian extension L/K of number fields. We will once again take a finite set S of places of K containing the infinite and ramified ones, and a finite set T of places of K, disjoint from S. 
and
We assume the following hypotheses:
(St1) S contains the infinite and ramified places.
We point out that (St4) is satisfied in particular if T contains at least two places of different residue characteristics. Also, (St2) and (St3) ensure that the order of vanishing of L L/K,S,T (s, χ) at s = 0 is at least r for all χ ∈ G; see [29, Ch. I, Prop. (
We have introduced the term Rubin datum purely to make various statements in the article more succinct.
Consider the regulator map λ :
Remark 3.3. The map λ in (3.3) differs from the usual Dirichlet regulator map by a sign. This makes no difference to the formulation of Rubin's Conjecture but is crucial for Z(L/K).
Denote by λ (r) :
The following is [22, Conjecture B], which we refer to as B(L/K, S, T, r). We will also refer to it as Rubin's Conjecture when the quadruple (L/K, S, T, r) is understood or not important.
Known cases of Rubin's Conjecture
Rubin's Conjecture is known in the following cases: Recall that, by Burns [3, Cor. 9.2], Z(L/K) implies Rubin's Conjecture for all Rubin data (S, T, r) for L/K. Therefore, cases (i) and (ii) above follow from the truth of Z(L/K) for L/K in the specified situations: (i) by Burns-Greither [7] and Flach [12] , and (ii) by Bley [1] .
Case (iii) was proven in [25] , Case (iv) was proven in [22] itself. As for case (v), the known cases of Rubin's full conjecture for multiquadratic extensions are due principally to DummitSands-Tangedal [10] ; we refer the reader to that article for a precise description of the assumptions made on L/K.
Case (vi) in the above list was done in part by Popescu-see [20] -and completed for arbitrary global function fields by Burns in [4] . In fact, [4] establishes the truth of a stronger conjecture in the positive characteristic case, one that is analogous to Z(L/K).
It is also worth pointing out that Emmons and Popescu have formulated a version of Rubin's Conjecture that weakens the hypotheses (St1) to (St4); see [11] . Vallières [30] has shown that the conjecture of Emmens and Popescu follows from Z(L/K), and so holds in particular in cases (i) and (ii) above.
K-theory: definitions
Let G be a finite group. We will work with low-dimensional K-groups for rings R equal to
Certain aspects of the theory (even the definition of K 1 ) can be made simpler by assuming right away that G is abelian, which we will therefore do.
The Grothendieck group of the category of finitely generated, projective R-modules K 1 (R) : For R as above, we may take this to be the group of units
The relative K 0 -group of R with coefficients in F , where F is equal to Q or R and R is equal to
is generated by triples (P, f, Q), where P, Q are finitely generated, projective R-modules and f : 
There is a localization sequence
in K-theory (see [9, (40.9 
)]). With the above description of
) sends the class of the finite, cohomologically trivial module
the class of the finite, cohomologically trivial module Z[G]/αZ[G]. This describes the map completely, since every element of Q[G]
× is a quotient of elements of
We will need two subgroups of 
The conjecture Z(L/K) for abelian extensions
We emphasize that Z(L/K) can be formulated for arbitrary Galois extensions of number fields. However, we choose to deal only with abelian extensions, since the statement of the conjecture can be reached more quickly in this case.
Let G = Gal(L/K), where L/K is abelian. We assume that S is a finite set of places of K containing the infinite and ramified ones, and such that the S-class-group Cl S (L) is zero. We choose a Tate sequence [28] 
for (L/K, S), i.e., a representative of the Tate canonical class in Ext
with A finitely generated and cohomologically trivial, and B finitely generated and projective. Break the Tate sequence into short exact sequences 
If χ is a character of G and Vχ is a C[G]-module with characterχ, then we let
× , and consider the map 
where Q c is the algebraic closure of Q in C and Γ = Gal(Q c /Q). Let us now assume Stark's Conjecture. Then the element
× . We now define Υ(φ) to be the image under Z(L/K) is known in the cases (i), (ii), and (iv) of Section 3.1, and the positive-characteristic analogue is known in case (vi) of that section. The articles in which the proofs of these cases appeared were discussed in Section 3.1, with the exception of case (iv). In that case, a proof can be found in the Ph.D. thesis of S. Y. Kim [16] , but no proof has been published before now. We will provide a short proof in Section 7.
We also point out a recent article of Johnston and Nickel [15] , which provides (among other things) some new non-abelian cases of the conjecture.
Some explicit examples will be given at the end of this article in the case where K is an imaginary quadratic field. These examples are not already covered by Bley's work [1] , since the extensions are assumed to be of odd degree there, and that is not the case for us.
Related conjectures
There are two related conjectures that deserve to be mentioned. First, there is the Strong Stark Conjecture, which is the assertion that (a) Stark's conjecture holds for the extension L/K, and 
It is this interpretation that inspired the modifier "lifted" in Lifted Root Number Conjecture, since in some sense Z(L/K) "lifts" Chinburg's third Ω-conjecture-also known as the root number
to obtain an isomorphism Coker(f ) → Ker(g ′ ), where g ′ is the restriction of g to Ker(γ). One sees from the proof of the Snake Lemma that this isomorphism is given by β • κ. Since Ker(g ′ ) ⊆ Ker(g), this gives the desired embedding Coker(f ) → Ker(g).
Finally, if D(Z[G]) = 0 then Ker(g ′ ) = Ker(g), completing the proof.
Lemma 6.2. Assume that Q[G] has no simple component that is a totally definite quaternion algebra (for example, if G is abelian)
. If X and Y are finitely generated, projective (ii) Let X be a finitely generated, projective Z[G]-module, and let r be its rank over However, we feel that it is instructive to provide a proof here, especially because Kim's proof is unpublished and no argument has yet been published to the author's best knowledge.
Proof. By [9, (50.16 
A condition on the set S
In this section, we formulate our main theorem. Let us assume that L/K is a biquadratic extension of number fields.
Let S be a non-empty, finite set of places of K, and let r be a positive integer. We say that the set S satisfies hypothesis P r if it contains exactly one place with full decomposition group, r places that split completely, and no other places.
Lemma 8.1. The following are equivalent:
Proof.
(ii) and (iii) are equivalent by Lemma 6.3. Assuming (i), and letting p be the place that has full decomposition group and P the place above it, we have
Since q splits completely for q ∈ S {p},
Now assume that (ii) holds. Recalling Y S from Section 2.1, we see from the exact sequence
On the other hand,
If G q were strictly smaller than G for all q ∈ S, then |G : G q | would be even for all q, contradicting (8.1). Therefore there is p ∈ S with full decomposition group. Let P be the place of L above p. Then
Since |G| divides the Z-rank of a projective module, we see that |G| divides the number of places of L above q for each q ∈ S {p}. In other words, every place of S other than p splits completely. Counting Z-ranks, we see that the number of such places is r, giving (i). We thank the referee of an earlier version of this article for pointing out that (ii) implies (i).
Finally, we show that (iv) is equivalent to the other statements. That (take χ to be the trivial character) and that
for each subgroup H of G of order 2, where {1} is the trivial subgroup (take χ to be the unique character with kernel H). We therefore have
where the second equality follows because S is the union of the sets S H as H runs through the subgroups of G.
Since S contains only r + 1 places, we must have #S G = 1 and #S {1} = r. In other words, S contains exactly one place with full decomposition group, and the remaining r places split completely. This is statement (i).
Remark 8.2. One sees that L/K admits a set S satisfying the equivalent conditions of Lemma 8.1 for some r if and only if the following all hold: the infinite places split completely, only one place ramifies, and the ramified place has full decomposition group.
We may now state the main theorem of the article.
Theorem 8.3. Let L/K be a biquadratic extension in which the infinite places split completely, exactly one place ramifies, and the ramified place has full decomposition group. (See Remark 8.2.) Then there is a Rubin datum (S, T, r) for L/K such that Z(L/K) is equivalent to B(L/K, S, T, r).
We will see in Section 10 how to construct Rubin data (S, T, r) as in the theorem.
Simplifying steps
Before proving the theorem, we give some preliminary results. The extension L/K will be assumed to be an arbitrary abelian extension of number fields in this section, until specified further, and its Galois group will be G. Let S be a finite set of places of K containing the infinite and ramified ones, and let T be a finite set of places of K disjoint from S.
The module F
where F P is the residue field of P.
The first map is multiplication by 1 − NpFr Since the modules in the projective resolution in (9.1) are the same, [
Lemma 9.2. Recall that L/K is an arbitrary abelian extension. Viewing [F
Proof. By definition of the δ χ , Υ(φ) − Υ T (φ) is the image of
. Now apply Lemma 9.2.
A simplification when X S is projective
Lemma 9.4. Let L/K be a Galois extension of number fields and S a finite set of places of K containing the infinite and ramified ones. Assume Cl S (L) = 0. Since B is projective, cupping with the second of these short exact sequences induces an isomorphism Ext
Then the following are equivalent: (i) The Tate canonical class associated to (L/K, S) is trivial. (ii) X S is projective. (iii) U S is cohomologically trivial. (iv) the Tate canonical class is represented by the sequence
The first short exact sequence is mapped by this isomorphism to the Tate canonical class, and is therefore split because of our assumption on the Tate canonical class. Hence A is isomorphic to the direct sum of the Z[G]-modules U S and C. Since A is cohomologically trivial, so are U S and C. We conclude that X S is also cohomologically trivial and therefore projective since it is Z-torsion-free.
In addition to the assumptions made at the beginning of Section 9, suppose that X S is projective and that the embedding φ : X S → U S factors through
in which the rows and columns are exact. (One need not assume X S is projective to form a diagram of a similar kind-see [5, 7.1.1]. However, we make this assumption in order to deduce Lemma 9.5 below.) Since X S is projective, Lemma 9.4 tells us that the middle row of (9.2) is a Tate sequence for (L/K, S). Let ∆ T (φ, 0, 0) be obtained by applying the construction of Section 5 to the top row of (9.2) rather than to the middle row. 
Proof. (i) In Section 5, we may take A = U S , B = X S and C = 0. This means that the maps α and β appearing there are the zero maps, and so Ξ(α, β) = Ξ(0, 0) = 0.
(ii) This follows from the existence of (9.2) and the naturality of the construction in Section 5. See [14, p. 56 
Proof of Theorem 8.3
We recall the hypotheses of Theorem 8.3: L/K is biquadratic, the infinite places split completely, only one place ramifies, and the ramified place has full decomposition group. Let S 0 consist of the infinite places together with the ramified place. Choose a finite set T of places of K, disjoint from S 0 , such that U S0,T is Z-torsion-free. Let S and r be as in Lemma 10.1. Note that (S, T, r) is a Rubin datum for L/K: (St1) is satisfied trivially, (St2) and (St3) are immediate consequences of hypothesis P r , and (St4) holds because it holds for S 0 in place of S (by assumption).
Choosing the map φ : X S → U S appropriately
While the formulation of Z(L/K) demands no special choice of Z[G]-embedding X S → U S , we will choose an embedding of a particular type since it will help us in our proof of Theorem 8.3.
Lemma 10.2. U S,T ∼ = X S as Z[G]-modules, and U S is cohomologically trivial. (These statements are both true in a little more generality than our current assumptions suggest; see Remark 10.3.)
Proof. We first show that U S,T is projective. Because of the existence of a Tate sequence for (L/K, S), i.e., a sequence
with A and B (finitely generated and) cohomologically trivial, the fact that X S is cohomologically trivial (by Lemma 8.1) implies that U S is also cohomologically trivial. Since Cl S,T (L) vanishes, the five-term exact sequence in [22, (1) ] yields the short exact sequence
Since F × T is cohomologically trivial by Lemma 9.1, U S,T is cohomologically trivial as well. A Z-torsion-free, cohomologically trivial Z[G]-module is projective [18, Prop. 1.8.4] , so since U S,T is Z-torsion-free by assumption, it is in fact projective. Now, Proof. Because G has only rational characters, the Strong Stark Conjecture holds for L/K (recall the discussion in Section 5.1). In other words, 
Connection to Rubin's Conjecture
is given in [3, Cor. 9.2], so suppose conversely that B(L/K, S, T, r) holds. We claim that under our assumptions, in particular that the set S satisfies hypothesis P r , the lattice Ω S,T,r is equal to 
Then by assuming B(L/K, S, T, r), we know that there is an element ϵ of
is equal to θ, where φ ϵ sends x to ϵ. Therefore
Here, R L,S,T is the absolute value of the determinant of the regulator map λ with respect to Z-bases for U S,T and X S . The equality in (10.2) is the analytic class number formula.
, we may therefore write ϵ = αu with
The last equality follows from part (v) of Lemma 6.3. As a result, det 
Examples

Meeting the hypotheses of Theorem 8.3
We aim to find biquadratic extensions L/K in which the infinite places split completely, only one place ramifies, and the ramified place has full decomposition group. Let us spend a moment justifying the existence of such extensions.
There are undoubtedly many ways to find such extensions, but here is one. Let K be a number field, and suppose there are a finite place p and a positive integer n such that the ray class-group of K mod p n has 2-rank at least 2 and the S 0 -class-group of K has odd order, where S 0 consists of the infinite places and p. Such fields can be found with a computer search. (For example, take K = Q(α) where α 4 + 6 = 0 and let p be the unique place above 2; in this case, the ray class-group mod p 2 is isomorphic to Z/2Z×Z/2Z and the S 0 -class-group is trivial.) With the above assumptions, there is a biquadratic extension L/K, unramified outside S 0 , in which the infinite places split completely. It follows that p is non-split (i.e., has full decomposition group) in L/K, for otherwise there would be an intermediate quadratic extension F/K in which p were split, contradicting that Cl S0 (K) has odd order.
It is also worth pointing out that examples of the above type may be chosen with L/Q not abelian (such as the α 4 = −6 example). This is important, for if L/Q were abelian, then Z(L/K) would follow from the main results of [7] and [12] .
Biquadratic extensions of imaginary quadratic fields
Now let K be an imaginary quadratic field and L/K a biquadratic extension. Assume that only one place p ramifies in L/K and that p is non-split. 
Concrete cases of Z(L/K) not covered by work of Bley
We finish with some concrete examples for which it is easy to deduce the truth of Z(L/K) from Theorem 8.3 with a small amount of computer calculation. It is important to note that in these examples, the field L is not abelian over Q. Further, while the base field K is an imaginary quadratic field in each example, the truth of Z(L/K) does not follow from the work of Bley [1] mentioned in Section 3.1, since [L : K] is assumed to be odd in [1] . Suppose K = Q(α) where α is a root of x 2 + 1, let p be the unique place of K above 2, and let L be the unique quartic abelian extension of K of conductor p 5 . Then L/K is biquadratic, p is non-split in L/K, and L/K is unramified outside S 0 = {∞, p}. The class-group Cl S0 (L) is trivial, and if T = {q 1 , q 2 } where q 1 and q 2 are places of K above 3 and 5 respectively, then Cl S0,T (L) is also trivial. The hypothesis on ϵ in Proposition 11.1 is met trivially, so Z(L/K) holds.
Consider instead the following example. Let K = Q(α) and L = K(β) where α is a root of x 2 +2 and β is a root of x 4 −8. Then L/K is biquadratic, being the compositum of the distinct quadratic extensions K( √ α)/K and K( √ −α)/K. We again let p be the place of K above 2 and S 0 = {∞, p}. We choose the places q 1 and q 2 of K (in the notation of the previous example) to lie above 3 and 17 respectively. Then Cl S0 (L) and Cl S0,T (L) are again both trivial, and we deduce that Z(L/K) holds, in the same way.
